Abstract. 2014 The special case of a focal conic defect in which the line discontinuities form a pair of confocal parabolae (a parabolic focal conic) has been observed in smectic A cyanobenzylidene octyloxyaniline. The geometry of these defects has been studied and used to determine their interactions with bounding surfaces and with each other. The polygonal texture obtained by dilation of smectic A and cholesteric plane textures is shown to be an array of parabolic focal conic defects. The generation and structure of such arrays will be discussed. 1. Introduction. - The smectic A phase may be described as a stack of two-dimensional liquid layers, which are easily curved and flow over one another, but whose thickness is nearly constant. The rod-like molecules comprising this phase ,have their long axis oriented normal to the layers. This makes the system optically uniaxial, with a large anisotropy in the index of refraction.
The textures formed by this phase depend critically on the kinds of defects it can contain. If one assumes that the layers are well defined with precisely constant thickness, and that they are curved smoothly except at a system of line defects along which cusps in the curvature can occur, then, by classical geometrical arguments, one can show that the line defects must occur as pairs of confocal ellipses and hyperbolae. The associated smectic layers form a family of surfaces known as Dupin cyclides, the singularities of which are the cusps whose loci form the confocal line defects [1, 2] . Their characteristic geometrical form was an early clue to the underlying layer structure of this phase. Although the geometry of an isolated confocal pair of defects is known, fundamental problems concerning focal conics and defects in smectic A samples remain unsolved. These include understanding the structure of complex arrays of defects which are observed in smectic A samples and mechanisms of generation of focal conics. In this paper we address these questions.
Theoretical studies [3] We begin by describing observations of a particular defect structure which appears to be a limiting case of the focal conic form in which each of the two lines is a parabola passing through the other's focus. We refer to these defects as parabolic focal conics (PFC's). These structures fit into the general scheme described in the preceding paragraph and appear to be a principal dilative strain relaxation mechanism in planar samples.
In the next section we describe our observations. We then discuss the ideal confocal PFC structure. Finally, we consider how these defects interact with one another and with the sample surfaces, how they fill space, and how they relieve dilative strains of initially perfect planar textures. [1] with line defects consisting of a circle parallel to the undisturbed layers and a straight line passing through the center of the circle was occasionally found. However, the far more numerous and more easily generated defect structure appeared as lines in the form of various sized wish-bones, oriented with their tails normal to the undisturbed layers ( Fig. 1) and appearing under the application of a dilative strain. In an effort to characterize these defects quantitatively, measurements of the wishbone opening y vs. z (see Fig. 1 With this choice of the parabola, and taking circle b to be located at z = c, circle a must be centered at z = f/2 and have a radius ra = c + 3 f/2. We then define a function u(x, y, zo) which is the displacement, parallel to z, of the point (x, y) on the smectic layer originally in the plane zo to its new posi- . Note formation of a conical cusp at the parabola. tion [u(x, y, zo) + zo] in the same smectic layer (Fig. 3b) . To obtain u(x, y, zo) we write the equation for the generating sphere centered about some point (y', z') on the parabola :
This radius is then set equal to the perpendicular distance from (y', z') to the line at z = c and the resulting equation is solved for z. We then set dzldy' = 0 and, together with the equation for z, eliminate the parameter y'. The resulting equation F(x, y, z) = 0 yields the roots z(x, y). Upon making the required transformations c = zo -f and u = -f + z -c = z -zo, we find the following equation for u(x, y, zo) : (2) It is possible to generate a family of surfaces by varying the initial layer location zo. There are three distinct regions of zo to consider. For zo &#x3E; f/2 the surface is singly connected (Fig. 4a) . Slicing the surface with the x = 0 plane (Fig. 3b) , one finds an arc of a circle (circle a) joining two semi-infinite line segments (circle b). The intersections form cusps, whose locus (with zo as parameter) represents the upward parabola. The cusps in a given smectic layer are conical, having cylindrical ,symmetry about a line tangent to the parabola where it intersects the layer. As zo -+ oo, the cusps tend to become less sharp, the cone angle 0 varying approximately as 0 -7r f (Fig. 3b) .
In the region zo -f/2 we obtain a similar situation, where the system for zo &#x3E; f/2 has effectively been rotated by x/2 about the symmetry (z) axis and by x about the x or y axis (Fig. d, e , f). It should be pointed out that for y values between the cusps, F has three real roots in the region zo &#x3E; f/2. Two of these roots represent continuations of the circular arc and line segment (Fig. 4 f ) and are discarded.
The region for -f/2 zo f/2 is of some interest, since here the smectic layers are predicted to be multiply connected. To visualize what happens in this region, let us first consider the evolution of the layers as zo approaches f/2 from above, i.e., zo &#x3E; f/2. As zo approaches f/2, the conical cusps on the parabola become sharper and closer together, until they finally meet at the point (0, 0, -f/2) when zo = f/2 (Fig. 4a ). As zo continues toward zero (Fig. 4b) , a hole is poked through the sheet where the two cusps met, closing off the crest and thereby creating a bridge-tunnel combination. When zo passes through zero and becomes negative, the tunnel continues to grow and the bridge to shrink (Fig. 4c) . Finally, at zo = -f/2, the bridge separates into the other pair of conical cusps (Fig. 4d) .
In the parabolic focal conic then, the smectic layers curve smoothly except for the lines of point discontinuity forming conical cusps on the two parabolae. Because the smectic A phase is locally uniaxial with the optic axis normal to the layers, the cusps represent the regions of largest refractive index inhomogeneity. They are thus the observable feature of the defects. The complex structure at the core of the defect (I zo I f )
should also have some characteristic appearances under the microscope. This, however, was not observed because of the small dimension of the core region ( ~ 2 f ) and because a dust particle was frequently located in the core.
We have now completed the presentation of the structure of ideal parabolic focal conic defects. Our microscopic observations detailed in section 2 lead us to the conclusion that the observed wishbone defect is a structure closely related to parabolic focal conics. figure 4d , zo = -f /2, the cusps actually touch, although in the figure they do not appear to. This is a result of the digitizing process in the plotting routine. Fig. 4f shows an extraneous blob due to non-physical components of F(u). figure 5a . In an attempt to understand these effects, we have calculated the far field distortion of an ideal PFC, i.e.
In this limit we find, using eq. (1) : so that u is independent of zo for large r. Using polar coordinates ( y = r sin 0, x = r cos 0), u(x, y, zo) becomes :
The distortion in the ideal case does not die out for large r but approaches + f along the x axis and -f along the y axis as r -+ oo, independent of zo.
We have used this result to estimate in a very crude way the energy of interaction of an ideal PFC with a bounding plate enforcing parallel orientation. The geometry is shown in figure 6a . We assume an aniso- [6] . This strain-induced polygonal array, which is also observable in cholesteric planar textures [4, 7] , is a form of focal conic texture, (Fig. 8a) produced by the intersections of the upward parabolae with the top surface (see Fig. 9 ). As the focus continues downward the cores of the defects also evident. In general crosses are centered on their line segments, although some stretching is necessary, indicating that distortion of PFC's is energetically preferable to not having adjacent parabolae meet.
Another observation in a perpendicular sample supporting our picture of the polygonal structure and the rules governing interactions of PFC's is the occasional formation of an isolated row of defects; this appears to be precisely the structure depicted in figure 5a , with one set of parallel parabolae meeting at a line of points along one of the sample surfaces.
Such rows often exist as the last remnants of an array, and the spacing of the defects is approximately that observed in the array. On the other hand, we do not see stable isolated PFC's in perpendicular samples. The rare isolated defects appear to be circle-line structures, with the circle attached to one glass plate. They are probably associated with local imperfections in the surface treatment, allowing molecules to lie parallel to the surface in a small region.
To summarize, we believe that the polygonal texture which appears in a single domain smectic A upon dilation is a PFC array. We now turn to the question of why such a distortion should appear at all. 4.4 DILATIVE STRAIN RELAXATION BY PFC'S. -The key feature of the generation of focal conic domains in single domain smectic A samples is that they are produced by dilative strain. The mechanism of generation is indicated in figure 11 . Consider a smectic sample of N layers and thickness t between glass plates (Fig. lla) . If a dilative stress is applied so that t -+ t + bt (bt t) and bt is sufficiently small, then a fractional expansion of each layer, bdld equal to 6t/t occurs (Fig. 11 b) . However, if the layers are fluid, they   FIG. 1 can flow over one another and tilt to relax the strain (Fig.11c) . A tilt through an angle 0 such that will completely relax the dilative strain bdld. Thus layers tilting through only very small angles can readily relax applied strains. Because of the boundary conditions, u(x, y) = 0 at the glass plates, the simple tilt distortion of figure 11 c is not possible at small 8t/t, and tilt can be achieved only at the expense of layer curvature; this curvature is associated with splay elastic energy :
Here K is the Frank splay elastic constant. The layer distortion to be expected is obtained via a minimization of the total (dilative + splay) elastic energy :
B is the compressional elastic constant. Minimization leads to the prediction of a dilationinduced undulation instability [6, 8] , wherein for 6t btv = 2 7rA = 2 7r .,IK-IB, the layer distortion to be expected is that indicated in figure 11 b -simple dilation. For bt &#x3E; bt,, however, the distortion is of the form depicted in figure l ld -dilation plus a layer undulation bu(x, y, zo) [9] , , Hence, for bt &#x3E; bt,,,, the layers tilt to achieve a partial strain relaxation in some regions. The 
